Abstract. We present fifth order Runge-Kutta-Nyström methods, where we allow the timestep coefficients to assume complex values. Among the methods with complex timesteps, we focus on the ones with the coefficients that have positive real parts. This property makes them suitable for problems where a negative coefficient is not acceptable. In addition, the leading order terms in the error expansion of these methods are purely imaginary, effectively increasing the order of the methods by one for real variables.
1. Introduction. Splitting methods [5] provide a number of advantages for studying the evolution of Hamiltonian systems. Not only are they simple to implement, but also they can be fine tuned to exploit the structure of the problem at hand [17, 14] . A large class of physical problems are described by the separable Hamiltonian H(q, p) = T (p) + V (q), (1.1) where the kinetic energy T (p) = 1 2 p T M −1 p is quadratic in momenta, and the potential energy V (q) is only a function of the coordinates. For these problems, Hamilton's equations dq i dt = ∂H ∂p i , dp i dt = − ∂H ∂q i (1.2) lead to the second order differential equation
This equation can be efficiently integrated using Runge-Kutta-Nyström (RKN) methods [15] . RKN methods are particularly effective for orders higher than 4, since some of the terms in the error expansion vanish identically, thanks to the special structure in equation (1.3) [18, 8] . Zhu & Qin [22] and Okunbor & Skeel [19] found 5th order explicit canonical RKN methods with 5 stages, which is the minimum required by the order conditions. The stages in these methods have large (around unity) step size coefficients, some of which are negative . Large coefficients can lead to large factors for integrations errors [8] , while negative coefficients can make the method unacceptable for the underlying problem [13] . Starting from a splitting scheme, Chambers [11] showed that these difficulties can be overcome by allowing the step size coefficients to be complex numbers, and found a third order splitting method with two stages. The coefficients for this method have small and positive real parts, leading to small errors. An interesting property of this method is that the leading order terms in the error expansion have purely imaginary coefficients. This makes the method effectively one order higher for real variables (see ref. [6] , for other examples of such methods).
In this paper, we present multiple 5th order RKN methods with both real and complex step size coefficients. We put special emphasis on methods with coefficients that have small, positive real parts, and purely imaginary leading error terms.
5th
Order Canonical RKN Methods. For a system with Hamiltonian (1.1), we can define "velocity" asq = M −1 p. Then an s-stage RKN method is given by [18, 19] 
where f (q) is defined in equation (1.3) . This method is explicit, that is a step depends only on previous steps, if a ij = 0 for j ≥ i. An explicit s-stage RKN method without redundant stages is canonical if [18, 19] 
2)
For methods of order 5, the following order conditions must hold [19, 22] :
By solving these equations, we can obtain an RKN method of order 5; note, however, that these equations by themselves do not give us the error behaviour.
3. Splitting Scheme. Since we will be using a Hamiltonian splitting scheme for implementing our integrators and error analysis, we now briefly review the basics of this technique using Lie algebra, in a manner similar to the treatment of Yoshida [21] .
First we write Hamilton's equations for a state w(t) ≡ (p(t), q(t)) as
where H, T, V are Lie operators [13] corresponding to the Hamiltonian, the kinetic energy and the potential energy, respectively. The solution for w(t) can then be written as 2) and the exponential operator is approximated by
3)
The expansion for Z in terms of T and V can be obtained by repeatedly applying the Baker-Campbell-Hausdorff (BCH) formula (for BCH expressions with minimum number of terms, see [4, 9] ). The coefficients α i , β i are chosen such that The evolution due to the exponential operators on the right hand side of equation (3.3) is given by simple displacements
The relation between the coefficients of an RKN method and a splitting scheme is given by [18] :
(where 1 ≤ i ≤ s, c 0 = 0), leading to the following procedure for the method [18] :
This corresponds to a splitting scheme with the structure
to which we will refer as RKNA scheme. Another method with the structure
to which we will refer as RKNB scheme, would have similar computational cost. However, because of the special structure of the RKN methods, the coefficients for the latter scheme would be entirely different [8] . To obtain the coefficients from the same order conditions, we rewrite equation (3.7) as
i.e., as a 6 stage method. Since α 7 = α 1 = 0, we have c 1 = 0 and c 6 = 1. Hence, the number of unknowns is again equal to the number of equations.
Constructing the Methods.
We solved the order conditions, eq. (2.4), using fsolve routine of MAPLE, with complex optional keyword. We started from a large number of random initial guesses for B i and c i in the rectangle −2 ≤ Re(z), Im(z) ≤ 2. This yielded both of the previously known real solutions for RKNA scheme, along with their adjoints; as well as three real solutions for RKNB scheme that seems to have not been discovered before. In addition, we found a large number of complex solutions for both schemes.
Once the coefficients are calculated, we repeatedly applied BCH formula to calculate the leading order error terms as nested commutators of T and V. Because of the Jacobi identity and the simplification [V, [V, [T, V]]] = 0, not all commutators are independent. Also, to calculate the leading order error of the method, we are only interested in terms with up to 6 operators; so, we worked in a Philip Hall basis [9] with 2 generators and nilpotency 7, leading to 23 terms. Denoting our generators by X 1 = T and X 2 = V, we constructed a "multiplication table":
Apart from the commutators given in this table, all commutators of the basis operators vanish. Using this table, we wrote a Python 1 program, using the SymPy 2 package, to obtain the expansion for Z up to and including 6 operator terms. This allowed us to validate the methods and calculate the coefficients for the leading order error.
For RKNA scheme, we found two previously published methods with real coefficients. For RKNB scheme, we found three methods with real coefficients that we did not find elsewhere in the literature. We give the coefficients for these methods in Table 4 .1.
We also found a large number of methods with complex coefficients. Among these, ten for RKNA scheme and five for RKNB scheme had coefficients with positive real parts and purely imaginary leading order errors. We give the coefficients for two methods with smallest error coefficients for each scheme in Table 4 .2.
The leading order errors are given by the coefficients in front of the six-term commutators in the expansion of Z. These coefficients, for the methods presented, are given in Table 4 .3.
Numerical Experiments.
As a simple validation, we first compare the behaviour of two of these methods (RKNAC1 and RKNBR1) with other methods from the literature, for the gravitational two-body problem. We integrated the equations of motion of two equal point masses, on orbit around each other with eccentricity e = 0.2, for fifty orbital periods. To follow the orbit, we used a Gragg-Bulirsch-Stoer (GBS) integrator [15] . At each timestep, we also calculated the expected position and velocity for each of the methods we tested. The difference between the outcomes of GBS integrator and the method gives an estimate of the error made, as long as they are not dominated by the truncation errors arising from limited machine accuracy (∼ 10 −15 ). We then calculated 0.25 and 0.75 quantile and took their difference, to get the interquartile range. This is a robust statistic that gives a measure of the dispersion in data.
In figure 5 .1, we plot the interquartile range of position error, for various step sizes and different methods. For implementing the method of Chambers [11] and our methods, we chose to throw away the imaginary part of the positions and the velocities after each step. This destroys the symplecticness of the methods (or rather reduces the order for which the methods are symplectic) but leads to good error behaviour [6] .
The comparison indicates that, for this problem, method of Chambers [11] shows fourth order and method AC1 shows sixth order behaviour, even though they are formally third and fifth order, respectively. Analogous results were obtained by Chambers [11] for similar problems. It is interesting to see that the optimized 4th order method RKNb6 [8] outperforms a method of higher order, RKNbr1, down to machine accuracy level. i7.3×10
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To make a more comprehensive and meaningful test, we also developed integrators for the gravitational N -body problem, based on various methods. We simulated the evolution of a Plummer sphere with 400 equal mass particles (see ref. [1] for a procedure for constructing a Plummer sphere). We followed the same procedure to estimate the errors and calculated the interquartile range for various methods and stepsizes. The dependence of errors on step size is given in figure 5 .2.
Since complex arithmetic requires more operations than real arithmetic, we also made a comparison of CPU times for various methods. It was not possible to calculate Comparison of the behaviour of various methods with respect to changing step size, for gravitational two-body problem. x-axis the logarithm of the time step measured in orbital periods, y-axis is the logarithm of the interquartile range for position error. Leapfrog (down-triangles) is the standard second order Störmer-Verlet scheme, Triple jump (pluses) is the fourth order scheme of Yoshida [21] , Chambers (up-triangles) is the complex third order scheme of Chambers [11] ,RKNb6 (stars) and RKNa14 (circles) are optimized fourth and sixth order methods by Blanes & Moan [7, 8] , RKNbr1 (pentagons) and RKNac1 (squares) are two of the methods presented in this work. The data here show that the integration time is proportional to the number of stages and using complex arithmetic increases the computation cost by about a factor of 6. This last factor surely depends on the problem, the implementation and the compiler. We present the error vs. CPU time, based on these findings in figure 5.3.
6. Discussion. In this work we constructed fifth order RKN methods with complex coefficients. Some of the methods we found have much smaller timesteps than the previously known methods, leading to smaller leading order errors. In addition, many of them have positive real coefficients, making them suitable for problems where negative real timesteps are not acceptable [12, 3, 13] . Similar methods, satisfying this requirement, were also developed by Bandrauk et al. [2] . Other high order methods with complex coefficients with small positive real parts were developed and analyzed by Hansen & Ostermann [16] and Castella et al. [10] ; however these authors did not specifically study the RKN case, which allows considerable simplification for high order schemes.
For problems where complex arithmetic and/or positive real parts of the coefficients is a necessity, we expect these methods to be already competitive with lower order methods. However, the results of Blanes & Moan [8] and Sofroniou & Spaletta [20] suggest that there is room for improvement by increasing the number of stages. We consider finding fully optimized methods with more stages beyond the scope of this paper; such an effort would require developing new software and would need spending considerable computational power. However, the methods found here can be improved by readily available tools. The idea is to turn a 5-stage method into a Since we minimized the (imaginary) sixth order error terms, this optimization does not benefit the solutions of gravitational N -body problem. A possible venue for exploration is to increase the number of stages and minimize the (real part of) seventh order errors by using the extra variables. For this investigation, using a Lyndon basis would be more preferable, since the BCH expansion has much fewer terms in this basis [9] and the consequences of the simplification [V, [V, [T, V] ]] = 0 is more straightforward. Here, we used a Philip Hall basis, since this allowed us to check our algebra by the "Lie Tools Package" 3 of Miguel Torres-Torriti. The source code of the MAPLE, Python and C programs used in this work are freely available online: https://github/atakan/Complex_Coeff_RKN
